Smallest and largest possible extensIOns of tnangular norms on bounded lattices are discussed. As such ordmal and honzontal sum like constructions for t-norms on bounded lattices are mvestlgated. Necessary and sufficient conditions for the lattice guaranteemg that the extensIOn IS agam a t-norm are revealed.
I-monoid [20] (compare also Examples 1.1-1.4 ofcommutative semigroups in [16] ) if and only if T : L 2 ---+ L is a triangular norm on L additionally fulfilling T (x, y v z) = T(x, y) v T(x, z) for all x, y, Z E L.
Note that the structure of the lattice L heavily influences which and how many t-norms on L can be defined. However, on each bounded lattice L with ILl> 2 there are at least two t-norms, the minimum A and the drastic product Tn L defined by L
{XAY
Tn (x, y) = .
.°i
otherwise, which are also the greatest and smallest t-norms on the lattice L (if ILl = 2 then A and Tn L coincide with the standard boolean conjunction).
Now consider a bounded sublattice (S,~, a, b) of L and at-norm T S : S2 ---+ S on S. We are investigating the strongest and weakest possible extension of T S leading to at-norm T on the lattice L.
Inspired by ideas of Clifford [7] (in the context of ordinal sums of abstract semigroups) and [14, 24, 29, 34, 35] (ordinal sums of t-norms on the unit interval), define the binary operation Tis:
, _{TS(X,y) r sCt ,))-xAy
if (x, y) E S2, otherwise.
More recently, similar constructions (towers of irreducihle hoops [1, 6] ) have been applied to characterize BL-chains [18] . Evidently, Tis is an extension of T
S •
Moreover, if Tis is a t-norm then it clearly is the strongest t-norm extending T
In the following sections we shall investigate under which conditions, starting from an arbitrary t-norm T S on some sublattice S, the extension Tis always is a t-norm on L. We will show that the arbitrariness of the choice of T S on S, for
Tis to be always a t-norm on L, leads to some restrictions on the structure of the sublattice S. As a consequence also to restrictions on the structure of L, in case that not only any choice of T S but also any choice of S shall be admissible. Based on these results we further discuss the strongest extension of families of arbitrary t-norms on some corresponding families of arbitrary sublattices and a few further properties of triangular norms. Finally, we turn to the determination of the smallest possible extension Wis of at-norm T S on a bounded and complete sublattice S.
SAND L WITH COMMON BOTTOM AND TOP ELEMENTS
Fix a bounded lattice (L,~,o, 1) and consider a bounded sublattice (S,~,a, b) of L and at-norm T S : S2 ---+ Son S. Obviously, Tis as defined by ( 
and if x /\ y E 8 then x /\ y = 0 such that in all cases it follows
y). z).
Similar arguments can be applied in case x. z ¢: 8 and y E 8 \ [0. 1) resp. y. z ¢: 8 and x E 8\ [0.1).
In case that only one element involved is element of the sublattice, let us first assume that x¢:8 and
, and x /\ T(y. z) E [0. T(y. z)). Then the following can be argued: Ifx /\ y /\ Z = 0 then associativity is trivially fulfilled. Otherwise, if x /\ y /\ Z = Y /\ Z > 0, such that T(x. y) = y and therefore T(T(x. y). z) = T(y. z) and T(x. T(y. z)) = x /\ T(y. z) = T(y. z) since T(y. z)~y = x /\ Y~x. Analogous arguments can be applied for proving the case z ¢: 8 and x. y E 8 \ [0. 1). Finally, it remains to show associativity for y ¢: 8 and x. Z E 8 \ [0. 1). If x /\ y /\ Z = 0, then again it is trivially fulfilled. Otherwise, necessarily x /\ y = x and y /\ Z = z, such that
Conversely, assume that Tj:s is t-norm for each t-norm T S on 8 and fix some
and we obtain Tj:s(Tj:sCr, x), y) = x /\ Y -=I-0 = Tj:sCr, Tj:sCr. y)). Since in all cases the associativity is violated, this proves that (ii) implies (i). D Note that condition (i) equivalently expresses that for all x E 8 \ [1) and for all y E L \ 8 either x /\ y = 0 or x~y is fulfilled and for all x E 8 \ [0, 1) and all y, Z E L \ 8, such that x~y and x~z, also y /\ Z E L \ 8. Based on these properties we can now conclude for the associativity of some x E L being incomparable to a and some Note that the conditions in Proposition 3.1 heavily depend on the interval [a, b] and on the lattice L. Now we look for conditions on L only guaranteeing that for each subinterval each t-norm can be extended to a t-norm on L.
Recall that a bounded poset (X,~,o, 1) is called a horizontal sum of the bounded posets ((X"~,' 0, 1) hEI if X = U,EI X, with X, n X} = [0, 1) whenever i -=I-j, and x~y if and only ifthere is an i E I such that [x, y) s; X, and x~, y (compare, e.g., horizontal sums of effect algebras [32] ). A non-trivial example of a bounded lattice which is a horizontal sum of chains is given by
equipped with the product order on 1R 
otherwise.
Corollary 4.2 ([33]
). Let (L,~, 0,1) he a hounded lattice. The following are equivalent:
EI of Landfor each famn)· of t-norms (T[a,.b,] ),EI on the corresponding intervals [a" b, ] the A-extension (([a" b,], T,)hEI defined hy (4.1) is a t-norm on L.
As an immediate consequence of Corollary 4.2 we obtain the ordinal sum construction [14, 24, 29, 34, 35] for t-norms on the unit interval (see also [22] for a full investigation of the relationship with the concept of Clifford [7] ) and on any chain.
Moreover, applying consecutively [26, 27] . If C k is isomorphic to a non-trivial compact subinterval of the real line, then (Ck. Tl ck 2) is isomorphic to an I-semigroup [13] , and the result follows from [29] (compare also [21, 30] ). D Due to the well-known structure oft-norms on the real unit interval and on finite chains fulfilling the intermediate value property (in the latter case such t-norms are uniquely determined by their non-trivial idempotent elements), we are able to construct all such t-norms on bounded lattices which are horizontal sums of nontrivial compact subintervals of the real line and finite chains [21, 26, 29] .
As an immediate consequence, the number oft-norms on a finite lattice L which is a horizontal sum of chains which fulfill the intermediate value property is given by 2 1LH (compare the result of [26] for divisible t-norms on finite chains). Observe that the minimum A always satisfies the hypothesis of Corollary 4.5 (the index set I being empty in this case) whereas, e.g., for L = [0.~.~. 1) the drastic product Tn .
is an Archimedean t-norm fulfilling the intermediate value property but with no additive generator.
FURTHER PROPERTIES
A lattice (L, 0, L~) equipped with some t-norm T: L 2 ---+ L is called divisible [20] if for all x, y E L with y~x there exists some z E L such that y = T(x, z) (compare also the natural ordering of groupoids in [15] ). Note that the divisibility of at-norm T is, in general, a weaker property than its intermediate value property as the following example shows. for all x, y E L [20] . Observe that (5.1) is preserved by ordinal sums. However, this is not more true for horizontal sums of chains. To see this, consider any finite bounded lattice (L, 0, L~). Choosing * = /\, then (L, 0, L~,/\, ---+) is residuated if and only if it is distributive, i.e., it does not contain as a sublattice a non-trivial 5-point horizontal sum [5, 23] . Thus the only non-trivial horizontal sum of chains which yields a residuated lattice (L, 0, L~, /\, ---+) is the four-point diamond lattice which is also the product of two chains with two elements. Note that for this lattice all t-norms T fulfill the intermediate value property and therefore divisibility, but (5.1) is only fulfilled for * = A.
WEAKEST POSSIBLE EXTENSION
It was mentioned already in the beginning that the A-extension of some t-norm T S on some bounded sublattice S as given by (1.1) iflE[x.y),
Further define W;s: 
b). Let T S he a t-norm on the corresponding suhlat-
Proof. First note that in case some x is smaller or incomparable to all elements of S, then x* = O. If x is greater than some element in S, then x* E S since S is a complete sublattice. Moreover, if XES, then x* = XES. Since in any case x*~x it is guaranteed that Wis is well defined. Moreover, for any x. y E L \ [0.1) it holds that WisCr. y) E S U [0.1) and therefore WisCr. y)* = wiscr. y). It is immediate to see that Wis has neutral element 1 and that it is symmetric.
Let us next focus on its monotonicity. Therefore, assume some x, x', Y E L such that x~x' and let us show T(x. y)~T(x'. y). Since x~x', also x*~(x')*. Whenever 1 E [x. y), monotonicity is trivially fulfilled. Therefore, assume that
And, finally, for all other
It remains to prove associativity, i.e. Further note that the supremum of arbitrary t-norms on a lattice L need not be a t-norm in general, compare also [11] . However, for particular and important classes oflattices the operation W as defined by (6.4) is associative, i.e., is at-norm. and is a t-norm on L for arbitrary t-norms T, on L,. consequence, for .T = I, the weakest extension Wand the strongest extension T as defined by (4.1) oft-norms (T[a, ,b, (T[a"b,] ),E! are rightcontinuous.
Then for all t-norms T S ' on S, and for all t-norms TSJ on S
In case of chains the previous result can even be strengthened. 
